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A sign pattern is said to be nilpotent of index k if all real matrices
in its qualitative class are nilpotent and their maximum nilpotent
index equals k. In this paper, we characterize sign patterns that
are nilpotent of a given index k. The maximum number of nonzero
entries in such sign patterns of a given order is determined as well
as the sign patternswith thismaximumnumber of nonzero entries.
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1. Introduction
A sign pattern matrix (or sign pattern) is a matrix whose entries are from the set {+,−, 0}. The sign
pattern of a real matrix B is the sign patternmatrix obtained from B by replacing each entry by its sign.
Let Qn be the set of all sign patterns of order n. For A ∈ Qn, the set of all real matrices with sign pattern
A is called the qualitative class of A, which is denoted by Q(A) [3].
Recall that a real matrix B is said to be nilpotent if Bk = 0 for some positive integer k. The smallest
such integer k is called the nilpotent index of B. A sign patternA is said to require nilpotence if allmatrices
in Q(A) are nilpotent [4]. We say A is a nilpotent sign pattern of index k if all real matrices in Q(A) are
nilpotent and their maximum nilpotent index equals k, i.e., Bk = 0 for all B ∈ Q(A) and there exists at
least one matrix B0 ∈ Q(A) such that Bk−10 /= 0.
It is not difﬁcult to prove that a sign pattern A ∈ Qn requires nilpotence if and only if A is permuta-
tionally similar to a strictly upper triangular sign pattern, or equivalently, A has no nonzero cycle ([4]).
Here we consider the following problem.
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Problem 1. Characterize sign patterns A ∈ Qn that are nilpotent of index k. Determine the maximum
number of nonzero entries in such sign patterns and determine the sign patterns with this maximum
number of nonzero entries.
In this paper we solve this problem by using some methods of graph theory.
2. Main results
In a digraphD, wedenote byV(D) the vertex set ofD and (u, v) the arc joiningu to v, whereu is its tail
and v is its head. The indegree of a vertex v inD is the number of arcswith head v and the outdegree of v is
thenumber of arcswith tail v. Adirectedwalk inD is a sequence of arcs (a0, a1), (a1, a2), · · · , (am−1, am),
which is denoted by a0 → a1 → · · · → am. It is called a directed path if ai are distinct vertices for
0 im. The number of arcs in a directed walk (path) is called the length of the directed walk (path).
We call D a k-partite digraph if V(D) can be partitioned into k subsets, say, V1, V2, . . . , Vk , in such a
way that no arc in D has both tail and head in the same part. If V1, V2, . . . , Vk can be reordered such
that there exists no arc with tail in Vi and head in Vj for i j, we say D is amonotone k-partite digraph.
For a sign pattern matrix A, we denote by D(A) the digraph of A, in which there is an arc (i, j) if and
only if aij /= 0.
The version for generic nilpotent matrices of the following lemma can be found in [2, p. 335].
Lemma 1. Let k and n be positive integers with k n. Then a sign pattern A ∈ Qn is nilpotent of index k if
and only if D(A) has no cycles and the maximum length of the directed paths in D(A) is k − 1.
Proof. Note that all directedwalks inD(A)aredirectedpathswhen themaximumlengthof thedirected
walks in D(A) is k − 1. We prove an equivalent statement that A is nilpotent of index k if and only if
the maximum length of the directed walks in D(A) is k − 1.
To prove the necessity, we need to show that there is no directed walk of length greater than k − 1
and there is at least one directed walk of length k − 1 in the digraph D(A) of A.
Suppose there is a directed walk of length k in D(A), say, i → t1 → · · · → tk−1 → j. Denote A =
(aij). Then ait1 , at1t2 , . . . , atk−2tk−1 , atk−1j /= 0. For B = (bij) ∈ Q(A), denote by Bkij the entry of Bk in the
position (i, j). Then
Bkij =
∑
1 s1 ,s2 ,...,sk−1  n
bis1bs1s2bs2s3 · · · bsk−2sk−1bsk−1j. (1)
Choosingbit1 , bt1t2 , . . . , btk−2tk−1 , btk−1j such that their absolutevalues areequal to1andsettingall other
nonzeroentries inB tobe or− (with > 0sufﬁciently small),wecanensureBkij = bit1bt1t2 · · · btk−1j +
· · · /= 0, which contradicts Bk = 0 since B ∈ Q(A).
If there is no directedwalk of length k − 1 inD(A), then it is obvious that Bk−1 = 0 for all B ∈ Q(A).
This contradicts the condition that the nilpotent index of A is k. Thus the maximum length of the
directed walks in D(A) is k − 1.
Now suppose the maximum length of directed walks in D(A) is k − 1 and i1 → s1 → · · · →
sk−2 → j1 is a directed walk of length k − 1 in D(A). By (1) it is clear that Bk = 0 for all B ∈ Q(A). Let
B˜ = (b˜ij) ∈ Q(A). Choosing b˜i1s1 , b˜s1s2 , . . . , b˜sk−3sk−2 , b˜sk−2j1 such that their absolute values are equal
to 1 and setting all other nonzero entries in B˜ to be  or − (with  > 0 sufﬁciently small), we have
B˜
k−1
i1j1
= b˜i1s1 b˜s1s2 · · · b˜sk−2j1 + · · · /= 0. Thus B˜k−1 /= 0, which proves the sufﬁciency. 
Theorem 2. Let k and n be positive integers with k n. Then a sign pattern A ∈ Qn is nilpotent of index k
if and only if the digraph of A is a monotone k-partite digraph and it contains at least one directed path of
length k − 1.
Proof. If D(A) is a monotone k-partite digraph, then it is obvious that there exists no directed path of
length greater than k − 1 in D(A). Applying Lemma 1 we know the sufﬁciency holds.
882 Z. Huang / Linear Algebra and its Applications 434 (2011) 880–883
Suppose A is nilpotent of index k. By Lemma 1, there exists no directed path of length greater than
k − 1 and there is at least one directed path of length k − 1 in D(A), say, i1 → i2 → · · · → ik . Denote
by V the vertex set of D(A). Let
1 = {u ∈ V : the indegree of u is zero},
i+1 = {v ∈ V : D(A) has an arc (u, v) with u ∈ i}, for 1 i k − 1.
Set
V1 = 1, Vk = k, Vi = i −
k⋃
j=i+1
i for 2 i k − 1.
It is obvious that it ∈ Vt /= ∅ for 1 t  k, Vi ∩ Vj = ∅ for i /= j and V = ∪ki=1Vi. By the deﬁnition
of Vi we have i < j for all arcs (u, v), u ∈ Vi, v ∈ Vj . Thus D(A) is a monotone k-partite digraph. This
completes the proof of the necessity. 
Corollary 3. Let k and n be positive integers with k n. Then a sign pattern A ∈ Qn is nilpotent of index k
if and only if it is permutation similar to⎛
⎜⎜⎜⎜⎜⎜⎜⎝
0 A12 A13 · · · A1k
0 A23 · · · A2k
. . .
. . .
...
0
. . . Ak−1,k
0
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
where Aij are ti × tj sign pattern matrices, ti > 0,∑ki=1 ti = n and there exist integers s1, s2, . . . , sk such
that
1 s1  t1 < s2  t1 + t2 < s3  · · · < sk−1  t1 + · · · + tk−1 < sk 
k∑
i=1
ti = n
and asisi+1 are nonzero for 1 i k − 1.
Proof. The sufﬁciency is obvious.
Since relabeling the vertices of D(A) is equivalent to a permutation similarity transformation of A,
from Theorem 2 and its proof, we can relabel the vertices of D(A) such that the vertices in each part Vi
have consecutive labels. Denote by ti the cardinality of Vi and the necessity follows easily. 
With any digraph D, we can associate a graph G on the same vertex set simply by replacing each
arc by an edge with the same ends. This graph is the underlying graph of D, denoted G(D).
A k-partite graph is one whose vertex set can be partitioned into k subsets, or parts, in such a way
that no edge has both ends in the same part. So a digraph D is k-partite if and only if its underlying
graph G(D) is k-partite.
A k-partite graph is called complete if any two vertices in different parts are adjacent. A simple
complete k-partite graph on n vertices whose parts are of sizes n/k or 	n/k
 is called a Turán graph.
Here n/k is the greatest integer less than or equal to n/k and 	n/k
 is the smallest integer greater
than or equal to n/k. We call D a Turán digraph if its underlying graph is a Turán graph. A monotone
k-partite digraph is called amonotone Turán digraph if it is also a Turán digraph.
Lemma 4 ([ 1, p. 10]). Let k and n be positive integers with k n. If G is a simple k-partite graph with n
vertices, then the number of its edges is less than or equal to(
n
2
)
− s
(	n/k

2
)
− (k − s)
(n/k
2
)
,
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where s = n − n/kk. This maximum number is attained if and only if G is a k-partite Turán graph.
Theorem 5. Let k and n be positive integers with k n, and let A ∈ Qn be a nilpotent sign pattern of index
k. Then the number of nonzero entries in A is less than or equal to(
n
2
)
− s
(	n/k

2
)
− (k − s)
(n/k
2
)
,
where s = n − n/kk. This maximum number is attained if and only if the digraph of A is a monotone
k-partite Turán digraph.
Proof. It is clear that the number of nonzero entries in A equals the number of arcs in its digraphD(A),
and hence equals the number of edges in the underlying graph ofD(A). By the deﬁnition of amonotone
Turán digraph, the conclusion follows from Theorem 2 and Lemma 4. 
Using similar ideas as in the proof of Corollary 3, by Theorem 5 we have the following corollary.
Corollary 6. Let k and n be positive integers with k n, and let A ∈ Qn be a nilpotent sign pattern of index
k. Then the number of nonzero entries of A attains maximum if and only if A is permutation similar to⎛
⎜⎜⎜⎜⎜⎜⎜⎝
0 A12 A13 · · · A1k
0 A23 · · · A2k
. . .
. . .
...
0
. . . Ak−1,k
0
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
where Aij are ti × tj sign pattern matrices with no zero entries, with s of the numbers t1, t2, . . . , tk equal to	 n
k

 and the others equal to  n
k
, where s = n − n/kk.
Remark. These results can be extended to the case of nonnegative nilpotent matrices of index k by
applying the same arguments.
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